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1. INTRODUCTION f = SisoViBEPBE(F),
Let p be a prime number and E; be the s-dimension where f; € pA-l2@-Ditatal(s) v e F), g, €
[F,-vector space. The cohomology of the classifying {0,1}. In other words, we want to find a basis of the
space BE over the field IF,, is defined by IF,-vector space QP (s).

P(s) = H*BEg = E(x1, %2, ., Xs)®Fp [y1, y2, -, ¥s], Immediately after being suggested by Peterson

(1987, 1989), the hit problem was studied by

as a graded left module over the mod p Steenrod numerous authors such as Wood (1989); Singer

algebra dqp', The mofip Steenrod algebra oA, acts by (1989); and Priddy (1990). The vector space QP (s)
the composition of linear operators on P(s) and the over field I, was explicitly calculated by Peterson

action of the Steenrod power :Pi, (i = 0) and the (1987) for s = 1,2, by Kameko (1990) for s = 3.
Bockstein operation § is determined by the Cartan The case s = 4 has been treated by Kameko (2003)
formula and its elementary properties (Steenrod, and Sum (2007). Sum (2014) also explicitly
1962). calculated the hit problem of 5 variables at some
Finding a minimal set of generators of P(s) was generic degrees.

initia.ted by Peterson (1987). This problem .is cglled Many respectable results on the hit problem have
Fhe hit problem..o‘l+ denotes the augmentation ideal been studied by numerous authors over the field I,
in A. The quotient of the left A ,-module P(s) by for over three decades (Singer, 1989, 1991; Wood,
the hit elements in A*P(s) is denoted by QP(s) = 1989, 1992, 2000; Boardman, 1993; Hung &
P(s)/A"P(s) = Fp @, P(s), which is the set of Peterson, 1995, 1998; Minami, 1999; Giambalvo &
all elements f, called hit element, in P(s) Peterson, 2001; Hung and Nam, 2001a, 2001b;
represented in the form Janfada & Wood, 2002; Bruner et al., 2005; Hung,
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2005; Ha, 2007; Sum, 2007, 2013, 2014, 2023;
Mothebe, 2013; Phuc, 2020, 2022, 2023; Tin,
2022a, 2022b). Meanwhile, little is known about the
hit problem on the field [F,,, where p is an odd prime.
With an odd prime p, Crossley (1996, 1999)
calculated the dimensions of QP (s) at some generic
degrees for the case s = 1, and s = 2. In this paper,
the author determines the hit elements of P(3) with
s = 3 atdegrees d < 10.

The paper is organized as follows. Section 2
provides preliminary results of the hit problem and
Steenrod algebra. We calculate in Section 3 the
actions of the admissible basis of the Steenrod
algebra A5 on the elements in P(3) used to check
whether or not these elements are hit. Finally,
Section 4 discusses the achieved results and
provides some open problems for further research.

2. PRELIMINARIES

In this section, we present some basic results about
Steenrod algebra studied by Steenrod (1962) and
Minami (1999) for the case of an odd prime p with
more specific results for the case p = 3.

2.1. Steenrod algebra over the field F3

Let [F; be a field including 3 elements {0,1,2} and
X be a topological space over the field F5. For all
integers { = 0 and n = 0, the Steenrod power is a
homomorphism defined by

PLHM(X,F3) - HYW4(X, Fy).

The homomorphism gB: H™(X,Z3) —» H"*1(X,Z5)
is called the Bock-stein coboundary operator
associated with the short exact coefficient sequence

0->7Z3 > Zy2>7Z3 - 0.

We define the mod 3 Steenrod algebra A5 to be the
graded associative algebra generated by the
elements P’ of degree 4i and 8 of degree 1, subject
to $2=0, P° = 1, and the Adem relations

PJ = 2[1/3]( 1)l+t (2(/ t) ):Pi+j—t:pt,

fori < 3j,and
[i/3]
Pt ﬂg_)] — Z( 1)l+t 2(] t)) ﬁ:pl+} t:Pt

[(l 1)/3( 1)L 1+t (2(/ Ppiti- tﬁ:pt

3t—1)
fori < 3j.
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Let (RP*)® be a 3-dimensional F;-infinite real
projective space. It is well-known that the mod 3
cohomology of the classifying space B(RP®)3 is
given by
P(3) = H'B(RP®)® =
E(xy, 22, x3)®F3[y1, 2, 3],

where E(x;,x,,%3) is a notation for the exterior
algebra over 3 generated by variables x;, x,, x3 for
degrees 1 and F;[y;,v,,ys] is a notation for the

polynomial algebra over F; generated by variables
V1, Y2, V3 for degrees 2.

Then,
P(3) = Sp{x;* y1 x5 y2 x5 y3 ,& €{0,1},i; = 0},

is a module over the mod 3 Steenrod algebra A5.
The action of A3 on P(3) is explicitly given by

Pi(y;) =4y}, i=1.
0, i>1

The Cartan formula is
PE(yiy;) = TEo Pt )P (y;),
and B(x;y;) = B(x)y; + (D)™ lx;8(y)).

Moreover,

x;, =0
O
2)? (y ) ( ) k+21,

k
3 -
yioot
3k+1

yi o, i=3K
0, i#0or3*

4) B(x;) = yi,and B(y;) = 0.

The admissible basis of degrees d < 10 of the mod
3 Steenrod algebra A3: P° (degree 0); S (degree 1);
Pl (degree 4); P, P (degree 5); BPLS (degree
6); P? (degree 8); BP?, P2B (degree 9); fP2B
(degree 10).

2.2. The hit problem

3) P! (yj3") =

Definition 2.1 Let P4(3) be the vector space of
homogeneous polynomials of degree d
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3

P4(3) = Sp Hx;jy;j &

j=1
3
€01}, ) (5 +2i) =dF.
=

Then, P%(3) is a subspace of P(3). Since P(3) is
graded by integers d > 0, therefore

P(3) = Z Pa(3).
d=0

Denote by QP%(3) the subspace of QP(3)
comprising all the classes represented by the
elements in P4(3).

Definition 2.2 A homogeneous polynomial f €
P4(3) in A-module P(s) is hit if it satisfies a hit
equation

f = ZisoViBSP B2 (f), (1)
where the homogeneous elements f; in P(s) have
gradings strictly less than d — [2(p — 1)i+ & +

&), denoted by f; € PA-l4ter*el (3) y, € Iy,
Sj € {0,1}

Remark. The decomposition of f in (1) is not
unique.

3. RESULTS AND DISCUSSIONS

3.1. The action of an admissible monomials of
degrees d < 10 in A3 on P;

For all f € P(3), f has the form
f= xflylilngzyzizx§3y3i3, g €{0,1},i; > 0.

Since all the elements in the admissible basis of A5
have the form g1P"1 2P ... B Pl where €; €
{0,1},i; = 3i;,1 + €. We only need to calculate the
action of 8 and P* on the elements f of P(3).

By direct calculation, we have the following results
BU) = By vy x2 s x5y
=Dty B (x52)y, x5y
+(=DE ey yy gy, B (x5 )y

Vi &=

&
| ,
where (x. ) = =1,2,3.
3 j 0, &= 0/ "

i _
PHf) =

€1, i1+2kq &y ip+2k, €3 _iz+2k3

Dy +kytha=i XXy Yy X"V X3 Y3 ’
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where a; = (]?1) (;22) (;{Z) mod 3.

3.2. Hit elements of P(3) at degrees d < 10
For all f € P%(3), f has the form

_ 1,01 &2 iz, €3 i3
f=x00 %7y, %57 ys,

where Ej € {0,1}, l] > O'Z?=1(£j + 2lj) =d.
Because degx; = 1 and degy; = 2, we have that

if d is odd, (g4, &, £5) can only be a permutation of
(1,0,0) or (1,1,1), or if d is even, (&, &, &3) can
only be a permutation of (0,0,0) or (1,1,0),

and (iy, i, 13) can only be a permutation of triples
that Satisfy il + iz + i3 = [d - (81 + &y + 83)]/2.

Then, the number of generators of P4(3) is
calculated as in table 1

Table 1. The number of elements of P%(3)

Number of Number of

Degree d elementsin  Degree d elements in
P?(3) P4(3)

1 3 6 28

2 6 7 36

3 10 8 45

4 15 9 55

5 21 10 66

We consider the following cases.
3.2.1. Thecased =1
P1(3) = Sp{xq, x5, x3}.
All three elements x;, x,, x5 are not hit in P(3).
So dimQP*(3) = 3.
3.2.2. Thecased = 2
P%(3) = Sp{x1%,, X1X3,%2X3, Y1, Y2, V3 }-

We get y; = B(x;) so y; is hit, and x;x; is not hit in
P(3). So dimQP?(3) = 3.

3.2.3. Thecased =3

The P3(3) is generated by elements of the following
form

1)lejf0r1SlS]S3,
2)yxjfor1<i<j<3,

3)x1%5%3.
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Because B(xixj) =yix + 2%y, 1 <i<j<3),
and B(y;) =0, (1 <i < 3), all elements in P(3)
are not hit. So dimQP3(3) = 10.

3.24. Thecased =4

The P*(3) is generated by elements of the following
form

1) y2,1<i<3,
3) xiyixe, 1<i<j<k<3,
4 x x5y, 1<i<j<k<3,
5) y1x2X3.
Since
v = Bxy), viy; = B(xiy)).
B(x1x2x3) = y1X2X3 + X1Y2X3 + X1 X2Y3,
so elements y?, yiy; are hit and elements x;y;xy,

XiXjYi, YiXjX, are not hit in P(3). Then,
dimQP*(3) = 9.

3.2.5. Thecased =5

The P5(3) is generated by elements of the following
form

1) xy/,1<i<j<3,

2) yix,1<i<j<3,

3) XYY, 1<Si<j<k<3,

D yixiy, 1<i<j<k<3,

5) y1Y2X3,

6) X1Y1X2X3, X1X2Y2X3, X1X2X3Y3.

For f € P5(3), f is hit if and only if f can be
expressed as the sum of f(g) and P1(h), where g €
P*(3), h € P1(3). When we act on P! and B
respectively on the elements of P(3) and P*(3)),
we have

P(x) =0,
B = Byiy;) =0,
B(xiyixi) = yiyiXi + 2V Vi
B(xixjyx) = VixjVi + 2X,.Y Vi,
.B(yixjxk) = Vi¥jXk + 2Yi% Vi,
All element of P>(3) are not hit in P(3).
So dimQP5(3) = 21
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3.2.6. Thecased =6

The P®(3) is generated by elements of the following
form

1)y, 1<i<3,

2) 2y, yiyi 1<i<j<3,
3) Y1Y2¥3»

4) xxyf, 1<i<j<k<3,
5) xyix, 1<i<j<k<3,

6) Yixyxs,
T xyixy,1<i<j<k=<1<3,

8) X1X2Y2Y35 X1V1Y2X35 Y1X2YV2 X35 Y1 X2X3Y 3.
For f € P%(3), f is hit if and only if f can be
expressed as the sum of B(f;), P1(f2), PB(f3),

and BP'(f,), where f; € P°(3); f, € P2(3); f,
fa € P1(3).

We get
v =P 00, vy} = B(ay}), vty = B(vEx),
Y1Y2Y3 = B(y1Y2%3),
B(x1y1%2%3) = yix,25 + 21 71Y2 %3 + X1V1%2Y3,
B(x132Y2%3) = Y1X2Y2%5 + X1Y5 %3 + 2X1 XY, Y3,
B(x1x2X3Y3) = Y1%2X3Y3 + X1Y2X3Y3 + 221,73,
PH(xixg) = 0, fP(x)) = 0, P B (x) =y
Therefore, ¥, y;y?, y7¥;, y1¥2¥s are hit in P(3),
others are not hit. So dimQP¢(3) = 18.
3.2.7. Thecased =7
The P7(3) is generated by elements of the following

form

1) xy/,1<i<j<3,

2) yix,1<i<j<3,

3) XY}V XYy, 1Si<j<k<3,

4) yExiy, yixiyg, 1 <i<j<k<3,

5) ¥iy2X3, Y1Y3%X3,

6) X1Y1Y2Y3, Y1X2Y2Y35 Y1V2X3Y3,

7) X1Y§X2X3, X1 X2Y5 X3, X1 X2 X33,

8) X1Y1X2Y2X3, X1X2Y2X3Y3, X1Y1X2X3Y3.

For f € P7(3), f is hit if and only if f can be
expressed as the sum of B(f;), P (f2), P1B(f3),

BP'(fy), and BP*B(fs) where f; € P°(3), f, €
P*(3), fs, fa € P2(3), fs € P*(3).

The elements x;y7, y; x; are hit as
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Xy} = PH(xy)), vixg = P(yix;).
Moreover, we get
BP'B(x;) =0,
BP (xix;) = BP* () = P'B(y) =0,
?Iﬁ(xl-x]-) = yix; + 2x;y7,
BPB(x;) =0, P (x1x,%3) = 0,
B = B(y?y;) = B(yiy?) = B(viyjvi) = 0,
B(xixjy?) = yixjy# + 2x,;y2,
B(xiyfa) = yiyixe + 2%y} Ve
Bixax3) = yiyaxs + 2y %23,
.B(xiijkyl) = ViYixXeYi + 2X.Y Vs
B(xX1X2Y2Y3) = Y1%2¥2Y3 + 2%1Y5 Y3,
B(xX1y1Y2X3) = Yi¥2X3 + 2X1Y1Y2Y3,
B1X2y2%3) = y1Y3x3 + 2Y1%2Y2 Y3,
B1X2X3Y3) = Y1¥2X3Y3 + 2Y1%,)5.

The aforementioned calculations show that the other
elements are not hit. So dimQP’ (3) = 27.
3.2.8. Thecased =8

The generators of P8(3) have the following form
1)
2)
3)
4)
5)
6)
7)
8)

yt,1<i<3,
3y vyd v2y2 1<i<j<3
Yivi Yi¥i-Yiyi.1=1<j=3,

ViV2Y3, V1V3 Y3 Y1V2V5»

xyix, 1<i<j<k<3,

xiXyp, 1<i<j<k<3,

Yixaxs,

X yixeyn, XYy, 1<i<j<k<1<3,
lelzysza x1Y1Y22x3> x1x2y22y3, x1x2y2y32,
y1x2y22x3, y1x2x3y§, y12x2y2x3, y12x2x3y3,
X1Y1%2Y2Y35 Y1X2Y2X3Y3, X1Y1Y2X3Y3-

We get

9)

yi =2P'(}),
viyi = B(xy}) = BP(x1y;),
yiy; = Bvin) = BP (v:ix)),
yivi = B(vixyy)s
Viy2ys = BOix,y3) = B(X1y1Y2Y3),
Y1Y3ys = B(x1y3y3) = BO1X2Y2Y3)s
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3’1}’2}’3% = ﬁ(xﬂ’zyg) = B(1Y2X3Y3)s
xix;jye = PH(xixjyi ), xiyixe = P(xyjxi),
Yixxs = PH(y1x,%3).
That shows these elements are hit.
For f € P®(3), f is hit if and only if f can be
expressed as the sum of 5(f;), P1(f2), P1B(f3),
BP(fy), and BP'B(fs), where f; € P7(3); f, €

P*(3); fs, f1 € P2(3); fs € P?(3). The others are
not hit because

BPB(xix;) = yiy; + 2yy7. BPB(:) = 0,
fplﬁ(xi}’j) = 7’1.3(}’1'951') = )’zS)’j + 2)’1’)’,'3,
PLR(x1x2%3) = YixpXs + X1Y3%3 + X1X,)3,
P (viy;) = viy; + vivi»
B(x1yEx,%x3) = yixxz + 2%, Y7 y,x3 +
x1Y12XZY3,

B(x1%,¥5%3) = Y1%,Y5 %3 + 2X1 Y3 %3 +
x1sz’223’3,

B(x1X2%3Y5) = Y1X,X3Y5 + 2X1Y,X3y5 +
x1x2)’§’,

B(xX1Y1X2Y2%3) = YiXo¥2X3 + 2X1 Y15 %3 +
X1Y1X2Y2Y35
B(X1X2Y2X3Y3) = YiXaY2X3Y3 + 2X1 Y5 x3Y3 +
x1x2y2y32,

B(x1y1%2%3y3) = yfx2x3y3 + 2x1Y1 Y233

+ X, Y1 %,Y5.

So dimQP8(3) = 21.

3.2.9. Thecased =9

The generators of P°(3) have the following form

1) xyf,1<i<j<3,

2) yix,1<i<j<3,

3) XY}V XYV xiVi VR, 1< i< j<k <3,

4 Yy vixiyie, VX, 1< i<j<k <3,

5) YiyaXs, Y1V X3, YiV5 X3,

6) x1)’1)’23’3?, }’1x23’2)’§a }’13729(3373?, x1}’13722373,
Y1%2Y3 Y3, Y1V3X3Y3, X1Y1Y2V35 Vi X223
VEV2X3Y3, X1V5 XaX3, X1X,Y3 X3, X1 X2 X33,
xl}’fxzyzxm xlxz}’22x33’3a x1y1x2x3y§,
x1y1x2y22x3s xlxz}’2x33’32, x13’12x2x3}’3,
X1Y1X2Y2X3Y3-
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For f € P°(3), f is hit if and only if f can be
expressed as the sum of B(f;), P1(f2), PB(f3),
BP(f), BPB(fs), P*(fe), P2(f7), BP*(fe),
where f; € P*(3), f, € P°(3), f3, fi € P*(3),
fs € P2(3), fs € P(3).

We get
ying = 2P (yx), xyf = 2P (xy}),
PLx1y1%2%3) = X1 Y5 X5 %5,
P(x1%2Y2%3) = X1 2,73 X3,
PL(x1x,%3Y3) = X1 X2X3Y3,

Y1Y3x3 = PR (x1x2y3) + 2BP(x1%2Y3)
+BP (y1x2%3) + 2BP(x1Y2%3) + 2P (y1Y2%3),
Yivaxs = 2P B(x1x2y3) + BP(x1x2y3)
+2BP(y12,%3) + BPL(x1Y,x3) + 2P (y1¥,%3),
xy;yi = PB(yixjxy) + 2BP* (vix;x;)
+ﬁ7—’1(xix]-yk) + 237—’1(xiijk) + 2?1(xl-yjyk),
xVivie = 2PB(yixjxi) + BP (yix;xy)
+2BP (xixjvi ) + BP (xiyjxi) + 2P (x,y; 91 )
J’i3ij’k = zylﬁ(xiy]'xk) + ,prl()’ixjxk)
+BP (x;xjyx ) + BP (xyjxi) + 2P (% ¥V )
yixyie = P B(xiyixe) + 2P (yixx)
+2BP (xx;vi ) + 2BP(xiyixi ) + 2P (xivj v )-

This proves that elements

XiYj's Vi%y XY} Vies Vi X Vi YiV2Xas X0V Vi
}’ixj}’ifa

V1Y3 X3, X1V XoX3, X1 X2 V3 X3, X1X2X3V3 are hit.

The action of the admissible basis of A on the
elements of P%(3), with degrees d = 1,3,4,5, 8, is
calculated as follows.

With f; € P®(3), if f; contains no elements x; then

B(f1) =0, and
B(x1y3xsys) = y1¥3xs3ys + 2x1y3¥3,
Bx1yiyaxs) = yiyaxs + 2x1y1y2¥3,
BCay1yixs) = yiyixs + 2001y s,
B(x1x2¥5y3) = y12%2¥5 Y3 + 213 Y3,
B(x122y2¥3) = y1%22¥3 + 2x1Y3 Y3,
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B122Y5%3) = y1Y3x3 + 2y1%2Y3 Vs,
B1x2x3y35) = y1¥axsy3 + 2y1%23,
Byixayax3) = yiyixns + 2yix,2y3,
Bixax3y3) = yiyax3ys + 297 %3,
B(x1y1%,y3) = yixay3 + 22x1y1¥2Y3,
B(xyxiyt) = yivxyl + 2%yt
Bx1y125Y2Y3) = Yix2Y2¥s + 2211 Y3 Vs,
B(122Y2X3Y3) = Y1V3 %33 + 2Y1%2)2)5
B(xX1y1Y2X3Y3) = ¥i¥V2x3y3 + 2x1 Y1V2 V5.
With f, € P5(3), we get
P (xyivi) = XV} yvie + xiy;Vi,
P (yvixjy) = Y2 Xy + yixjyi,
P (yiyixe) = yEyix + yivixe.
With f3, f, € P*(3), we get
PBYH) =PB(viy;) =0,

PR (xix;yi) = Yixyi + yix;yi + 297 yie +
in}’j}’i:',

PR(xyixi) = V2yixi + yivi % + 2%,y vi +
in}’j}’i:',

PR(yixjxi) = yiyvixe + yiyvixe + 2y2ixy, +
2)’1’9)’13’

BP (v} = BP(viy;) = 0,
prl(xixj)’k) = YiX; Vi + 2X,Y; Vi,
.B?l(xiijk) = )’i)’j3xk + zxiyj3yks
BP (yixjxi) = y2vjx + 29729

With f5 € P3(3), we get
BP'B(x:y;) = BP'B(yix;) = 0,

BP B (x1x2%3) = yiyixp + 2V2 % yi + 25,y %k
+ XV Vi + ViXpVe + 2%k
With fy € P1(3), we get P?(x;) = 0.

The above results show that the elements
2 2 2
X1Y1X2Y2X3, X1X2Y2X3Y3, X1Y1X2X3Y3,
2 2 2
X1Y1X2Y2 X3, X1X2Y2X3Y3, X1Y1X2X3Y3,

X1Y1X2Y,X3Y3 do not appear in the action of
admissible monomials in A on P(3). Hence, these
elements cannot be expressed as the sum of S(f;),

P, PB(f3). BP(fD),
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BPB(fs), P*(fs), P2B(f7), BP?*(fs) that mean
they are not hit.

Moreover, elements containing y? appear only in

B(f)., fi € P2(3) but

B(y1x2Y2%3Y3) = B(x1¥5x3y3) + 28 (x1%2¥2Y3),
B y122Y2y3) = BOay1Y5%3) + 28(yf x2y2%3),
B(x1y1Y2X3Y3) = B x2x3y3) + B(x1y1%23),
BPB(x12,%3) = BP (yixjxie) + 2BP (x:y;x.)

+ ﬂ?l(xixjyk).
So dimQP°(3) = 25.
3.2.10.The case d = 10

The P1°(3) is generated by elements of the
following form

1) yflyézy;3’ ill iZ’ i3 = 0 and il + iZ + i3 = 5’
2) xyfxe. xixyie, 1<i<j<k<3,

3) yixgxs,

4) xi}’jSXk}’za xiijky?s xiyjzxkylz, 1<i<j<

k <1<3,
3 3 3 3
X1Y1Y2X3, X1Y1Y2X3, X1X2Y2¥3, X1X2Y2Y3,
3 3 3 .3
V1X2Y2X3, Y1 X2Y2X3, Y1X2X3Y3, V1 X2X3Y3,
2.,2 2.,2 a2 2 2 2
6) X Y1YV3X3, X1X2Y3Y3, Vi X2Y2 X3, Vi X2X3Y3,
2 2 2
T) X1 Y1X2Y2Y35 X1V1X2Y3 Y35 X1Y1X2Y2Y35

5)

2 2 2
V1X2Y2X3Y3, V1X2Y2X3Y3, V1X2Y2X3Y3,

2
X1Y1Y2X3Y3,

x1}’1)’22x33’3a x1y1y2x3y32.

Direct computations show that elements of forms 1,
2, and 3 are both hit.

The form 1: (iy, iy i3) includes cases and their
permutations, respectively (5,0,0), (4,1,0), (3,2,0),
(2,2,1), (1,1,3)

v =BGy, yiy; = B(vin) = 2P (i),
vivi = B(xyf) = 2P (xiy7),
vivh = B(xytyi). viyi = Byyix),
Yiv3ys = Bivixs) = B(xay1y5ys) = B x2y2y3),
Yiy2yi = Boixay3) = B(x1y1y2y3) = B(yiyaxsys),
y1Y3v3 = B(a1y3y3) = BOnx2y2y3) = B(r1y5x3s),
15293 = BOyy2y3) = BOhy2x3y3),
1Y3ys = B(x1y3ys) = Bnx2y3ys),
Yiy2ys = Biyaxs) = B(x1yiy2y3).
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The form 2 & 3:

xiy]fl’xk = 2?1(xiyj2xk)7

Vixaxs = 2P (¥ x2%3),

xixjyp = 2P (xx;v2).
For f € P1°(3), f is hit if and only if f can be
expressed as the sum of 5(f;), P1(f2), P1B(f3),
ﬂ“pl(ﬁl)a ﬂ“plﬂ(fS)a Pz(fé)’ ?Zﬁ(f7)a B:PZ(fS)
where f;, € P°(3); f, € P°(3): f3.f2 E P°(3); fs €
P*(3); fs € P*(3); f7, fs € P1(3).

The other actions of A on P1°(3)

B(x1yix,x3) = yixx3 + 2%, Y5y, %3 +

X1Y3X2Y3,
ﬁ(x1x2}’23x3) = }’1x2?3,’23x3 + 2x1y§x3 +
X1X2Y2Y35
B(xX1X2%3Y3) = Y1X2X3Y3 + 2X1Y,X3y3 +
1
X1X2Y3,

B (x1y7x,y,%3)

= YiX2Y,Xs + 261 y1¥3 %5 + X1 Y1 %2753,
B (x1%2Y5 %3Y3)

= Y1%2Y5X3Y3 + 2X1Y3 X3Y3 + X1X,Y3 V3,
B (x1y1%,%3Y3)

= yixax3Y3 + 20:101Y2X3Y5 + X1 )1%2)3,
B (x1y1%2y5 %3)

= Y1953 + 22171 Y3 %3 + X1 Y1 %23 Y3,
B (x1%2Y,%3Y3)

= V1X2Y2X3Y5 + 261 Y3 X3Y5 + X1%,Y2)3
ﬁ(xlyfx2x3y3)

= yix2%3Y3 + 2X1Y7Y2X3Y3 + X1V %2Y3,
B(x1y1%2Y2%3Y3)
= Vi XY2X3Y3 + X115 X3Y5 + X1 V1%2Y2Y5,
Py) =0,
P (vty;) = 2vity; + yE},
P (vivf) = viv} + 2y,
P yivivid) = 2 Vv + i v + viyvi,
PHayxcn) = Xy + xyavt,
PL0%2Y2Y3) = X1%Y3 Y3 + X1%2Y2Y3
P x1Y1Y2%3) = X1Y7 Y2 X3 + X1Y1Y3 X3,
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Pr(y1%2Y2%3) = YiX2Y2X3 + Y122Y3 X3,
Pr(y12223Y3) = YixpX3ys + Y122X3Y3,
PR(xy7) = vivi + 2yiy}s
PB(vix) = 2vty; + yivy,
PB(xiyivie) = PB(vivixi) = PB(vixjvic)
= YiViVie + YiVi Vi + ViViVie,
PLB(x1y1%2%3) = 2V x,%3 + 2%, Y5 Yo %5
+200Y1Y3 X3 + XY X5Y3 + X1 Y1%,Y3,
PLB(x1x2Y2%3) = yix2¥2%3 + Y1X2Y3 %3
+2x1Y3 X3 + 2X1 X, V3 Y3 + 2X1 X2V, V3,
PR (x1X2%3Y3) = yiX2X3Y3 + Y1X2X3Y3
+2x1Y3%3V5 + 2X1Y2X3V3 + 2X, X%,V
BP (xyyi) = Yivivi + vk,
BP (yiyjx) = YiYiyie + ¥iv} Vi
BP (yixjyx) = Y2yive + vivjyi,
BP (X1 y1%2%3) = B(x1 Y7 X2X3),

BP (12,2 %3) = B(x1 %23 %3),
BP (x1%2%3Y3) = B(x122X3Y3),
BP B =0, P B(yiy;) = O,
BPB(xix;yi) = EViyi + 2919} Ve
.3731.3(9%3’]951() = yi3yjyk + 2Y,yVi
ﬁfplﬁ(}’ixjxk) = Yiyj'3Yk + 2Y,yVi
P (xix;) = P*(v) = 0,
BP?(x;) = P?B(x;) = 0.

The form 4 & 5. From the above calculation results,
we see that the elements in the form 4 & 5 cannot be
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